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Remarks on space-time behavior in the Cauchy
problems of the heat equation and the curvature
flow equation with mildly oscillating initial values
Hiroki Yagisita
Abstract We study two initial value problems of the linear diffusion equation
ut = uxx and the nonlinear diffusion equation ut = (1+ux
2)−1uxx, when Cauchy
data u(x, 0) = u0(x) are bounded and oscillate mildly. The latter nonlinear
heat equation is the equation of the curvature flow, when the moving curves
are represented by graphs. In the case of lim|x|→+∞ |xu0′(x)| = 0, by using an
elementary scaling technique, we show
lim
t→+∞
∣∣∣u(√tx, t)− (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣ = 0
for the linear heat equation ut = uxx, where x ∈ R and F (z) := 12√pi
∫ z
−∞ e
− y24 dy.
Further, by combining with a theorem of Nara and Taniguchi, we have the
same result for the curvature equation ut = (1 + ux
2)−1uxx. In the case of
lim|x|→+0 |xu0′(x)| = 0 and in the case of supx∈R |xu0′(x)| < +∞, respectively,
we also give a similar remark for the linear heat equation ut = uxx.
Keywords: scaling argument, self-similar solution, nonstabilizing solution,
nontrivial dynamics, nontrivial large-time behavior, irregular behavior.
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1 Introduction
In this paper, by using an elementary scaling argument, we study space-time
behavior in the Cauchy problem of the heat equation
(1.1)
{
ut(x, t) = uxx(x, t), (x, t) ∈ R× (0,+∞),
u(x, 0) = u0(x), x ∈ R,
when the initial values u0(x) are bounded and oscillate mildly. We also study
the Cauchy problem of the nonlinear diffusion equation
(1.2)
{
ut(x, t) =
uxx(x,t)
1+(ux(x,t))2
, (x, t) ∈ R× (0,+∞),
u(x, 0) = u0(x), x ∈ R,
which is the equation of the curvature flow when the moving curves are repre-
sented by graphs.
First, we mention criteria for stabilization of the solution u(x, t) to the
Cauchy problem of the heat equation ut = uxx. From [3, 11, 4, 2] (e.g.), we see
the following:
Theorem 1 Let u0 ∈ L∞(R) and c ∈ R. Then, the solution u(x, t) to (1.1) sat-
isfies limt→+∞ u(x, t) = c if and only if u0(x) satisfies limR→+∞ 12R
∫ +R
−R u0(x+
y)dy = c. Moreover, u(x, t) satisfies limt→+∞ supx∈R |u(x, t) − c| = 0 if and
only if u0(x) satisfies limR→+∞ supx∈R | 12R
∫ +R
−R u0(x+ y)dy − c| = 0.
On the other hand, Collet and Eckmann [1] given a simple example of a bounded
initial value u0(x) where the solution u(x, t) to (1.1) oscillates forever as t→ +∞
(See also [5]). So, the large-time behavior of a solution u(x, t) to (1.1) with a
bounded initial value u0(x) may be complex. Indeed, Va´zquez and Zuazua [13]
showed the general behavior is very complex:
Theorem 2 (i) Let u0 ∈ L∞(R). Then, the set of accumulation points in
L∞loc(R) of {(e△tu0)(
√
t · )}t>0 as t→ +∞ coincides with the set {(e△φ)( · ) |φ ∈
A}, where A is the set of accumulation points of {u0(λ · )}λ>0 as λ → +∞ in
the weak-star topology σ(L∞, L1).
(ii) Let c > 0 and Bc = {f ∈ L∞(R) | ‖f‖L∞ ≤ c}. Let Mc be the set of
f ∈ Bc such that the set of accumulation points of {f(λ · )}λ>0 as λ → +∞ in
the weak-star topology σ(L∞, L1) is Bc. Then, Mc is dense with empty interior
in Bc with the weak-star topology σ(L
∞, L1).
They also showed the general behavior in a number of evolution equations on
R
N is complex. However, the behavior may be rather simple, if the initial
value oscillates mildly. In this paper, we prove the following, which is a remark
on the long-time behavior in the Cauchy problem (1.1) when the initial value
u0(x) ∈ L∞(R) ∩ C1(R \ {0}) satisfies lim|x|→+∞ |xu0′(x)| = 0:
Theorem 3 Let u0 ∈ L∞(R)∩C1(R\{0}) and lim|x|→+∞ |xu0′(x)| = 0. Then,
the solution u(x, t) to (1.1) satisfies
lim
t→+∞
sup
x∈[−L,+L]
∣∣∣u(√tx, t) − (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣ = 0
for all L > 0, where F (z) := 1
2
√
pi
∫ z
−∞ e
− y24 dy.
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Corollary 4 Let u0 ∈ L∞(R) ∩ C1(R \ {0}) and lim|x|→+∞ |xu0′(x)| = 0.
Then, the set of accumulation points in L∞loc(R) of {(e△tu0)(
√
t · )}t>0 as t →
+∞ coincides with the set {αF (− · ) + βF (+ · ) | (α, β) ∈ A}, where F (z) :=
1
2
√
pi
∫ z
−∞ e
− y24 dy and A is the set of accumulation points in R2 of {(u0(−λ),
u0(+λ))}λ>0 as λ→ +∞.
We also prove the following two:
Proposition 5 Let u0 ∈ L∞(R) ∩ C1(R \ {0}) and lim|x|→+0 |xu0′(x)| = 0.
Then, the solution u(x, t) to (1.1) satisfies
lim
t→+0
sup
x∈[−L,+L]
∣∣∣u(√tx, t)− (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣ = 0
for all L > 0, where F (z) := 1
2
√
pi
∫ z
−∞ e
− y24 dy.
Proposition 6 Let u0 ∈ C1(R \ {0}) and supx∈R\{0} |xu0′(x)| < +∞. Then,
the solution u(x, t) to (1.1) satisfies∣∣∣u(√tx, t)− (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣
≤ G(−x)
(
sup
y<0
|yu0′(y)|
)
+G(+x)
(
sup
y>0
|yu0′(y)|
)
for all (x, t) ∈ R × (0,+∞), where F (z) := 1
2
√
pi
∫ z
−∞ e
− y24 dy and G(z) :=
1
2
√
pi
∫ +∞
0 e
− (z−y)24 | log y|dy.
Remark (i) Let (a, b) ∈ R2 and
u0(x) =
{
a (x < 0),
b (x > 0).
Then, the solution u(x, t) to (1.1) satisfies
u(
√
tx, t) = aF (−x) + bF (+x)
for all (x, t) ∈ R× (0,+∞), where F (z) := 1
2
√
pi
∫ z
−∞ e
− y24 dy.
(ii) Let u(x, t) be the solution to (1.1). Then, the function
v(x, t) := u(e
t
2x, et)
is the solution to{
vt(x, t) = vxx(x, t) +
x
2 vx(x, t), (x, t) ∈ R2,
v(x, 0) = (e△u0)(x), x ∈ R.
(iii) Let u1(x) = φ1(log(−x)) and u2(x) = φ2(log(+x)). Then, xu1′(x) =
φ1
′(log(−x)) and xu2′(x) = φ2′(log(+x)).
Nara and Taniguchi [9] showed that the difference between the solution to the
heat equation (1.1) and that to the curvature flow equation (1.2) with the same
initial value is of order O(t−
1
2 ) as t → +∞. Precisely, they given the following
theorem:
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Theorem 7 Let ε > 0. Suppose u0 ∈ C2(R) satisfies supx∈R(|u0(x)|+|u0′(x)|+
|u0′′(x)|) < +∞ and supx1,x2∈R,x1 6=x2 |u0
′′(x1)−u0′′(x2)|
|x1−x2|ε < +∞. Then, the max-
imum interval of existence of the classical solution u(x, t) to (1.2) is [0,+∞)
and the solution u(x, t) satisfies
sup
t>0,x∈R
t
1
2
∣∣∣∣u(x, t)− 12√pit
∫ +∞
−∞
e−
(x−y)2
4t u0(y)dy
∣∣∣∣ < +∞.
Therefore, by combining it with Theorem 3, we have the following remark on
the long-time behavior in the Cauchy problem (1.2):
Corollary 8 Let ε > 0. Suppose u0 ∈ C2(R) satisfies supx∈R(|u0(x)|+ |u0′(x)|
+|u0′′(x)|) < +∞, supx1,x2∈R,x1 6=x2 |u0
′′(x1)−u0′′(x2)|
|x1−x2|ε < +∞ and lim|x|→+∞
|xu0′(x)| = 0. Then, the solution u(x, t) to (1.2) satisfies
lim
t→+∞ supx∈[−L,+L]
∣∣∣u(√tx, t) − (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣ = 0
for all L > 0, where F (z) := 1
2
√
pi
∫ z
−∞ e
− y24 dy.
Nara [8] showed that the difference between the solution to the heat equation
on RN and that to the mean curvature flow equation on RN with the same initial
value is of order O(t−
1
2 ) as t→ +∞, when the initial value is radially symmetric.
See [12, 6] for the difference between the behavior of a disturbed planar front
in a bistable reaction-diffusion equation and that of a mean curvature flow with
a drift term. See [10, 14, 12, 7] for other nontrivial large-time behaviors in
nonlinear diffusion equations.
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2 Proof
Lemma 9 The solution u(x, t) to (1.1) satisfies
sup
x∈[−L,+L]
∣∣∣u(√tx, t)− (aF (−x) + bF (+x))∣∣∣
≤ 1
2
√
pi
∫ +∞
0
ρL(z)
(∣∣∣u0(−√tz)− a∣∣∣+ ∣∣∣u0(+√tz)− b∣∣∣) dz
for all (L, t) ∈ (0,+∞)2 and (a, b) ∈ R2, where ρL(z) := supz0∈[−L,+L] e−
(z−z0)
2
4 .
Proof. From
u(
√
tx, t) =
1
2
√
pi
∫ +∞
−∞
e−
(x−y)2
4 u0(
√
ty)dy
=
1
2
√
pi
∫ +∞
0
e−
(x+z)2
4 u0(−
√
tz)dz +
1
2
√
pi
∫ +∞
0
e−
(x−z)2
4 u0(+
√
tz)dz,
we see
u(
√
tx, t)− (aF (−x) + bF (+x))
=
1
2
√
pi
∫ +∞
0
e−
(z−(−x))2
4
(
u0(−
√
tz)− a
)
dz
+
1
2
√
pi
∫ +∞
0
e−
(z−(+x))2
4
(
u0(+
√
tz)− b
)
dz.
So, we have the conclusion. 
Lemma 10 Let u0 ∈ C1(R \ {0}) and α > 0. Then, lim|x|→+∞ |xu0′(x)| = 0
implies lim|s|→+∞ |u0(sα) − u0(s)| = 0. Also, lim|x|→+0 |xu0′(x)| = 0 implies
lim|s|→+0 |u0(sα) − u0(s)| = 0.
Proof. We see
|u0(sα)− u0(s)| =
∣∣∣∣
∫ α
1
su0
′(sz)dz
∣∣∣∣
≤
(
α+
1
α
)
sup
min{α, 1
α
}≤|z|≤max{α, 1
α
}
|su0′(sz)|
≤
(
α+
1
α
)2
sup
min{α, 1
α
}≤|z|≤max{α, 1
α
}
|szu0′(sz)|
=
(
α+
1
α
)2
sup
min{α, 1
α
}|s|≤|x|≤max{α, 1
α
}|s|
|xu0′(x)|.
So, we have the conclusion. 
Proof of Theorem 3 and Proposition 5. We see∣∣∣u0(−√tz)− u0(−√t)∣∣∣ + ∣∣∣u0(+√tz)− u0(+√t)∣∣∣ ≤ 4‖u0‖L∞(R)
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for all t > 0 and z > 0. Hence, because of ρL ∈ L1((0,+∞)), we have the
conclusions by Lemmas 9 and 10. 
Remark Let u1(x) = φ1(log(−x)), u2(x) = φ2(log(+x)) and α > 0. Then,
lim|z|→+∞ |φ1(z+ logα)−φ1(z)| = 0 implies lims→−∞ |u1(sα)−u1(s)| = 0 and
lims→−0 |u1(sα)−u1(s)| = 0. Also, lim|z|→+∞ |φ2(z+logα)−φ2(z)| = 0 implies
lims→+∞ |u2(sα)− u2(s)| = 0 and lims→+0 |u2(sα)− u2(s)| = 0.
Proof of Proposition 6. From
u(
√
tx, t)−
(
F (−x)u0(−
√
t) + F (+x)u0(+
√
t)
)
=
1
2
√
pi
∫ +∞
0
e−
(x+z)2
4
(
u0(−
√
tz)− u0(−
√
t)
)
dz
+
1
2
√
pi
∫ +∞
0
e−
(x−z)2
4
(
u0(+
√
tz)− u0(+
√
t)
)
dz
=
1
2
√
pi
∫ +∞
0
e−
(x+z)2
4
(∫ z
1
(−√ty)u0′(−
√
ty)
y
dy
)
dz
+
1
2
√
pi
∫ +∞
0
e−
(x−z)2
4
(∫ z
1
(+
√
ty)u0
′(+
√
ty)
y
dy
)
dz,
we see ∣∣∣u(√tx, t)− (F (−x)u0(−√t) + F (+x)u0(+√t))∣∣∣
≤ 1
2
√
pi
∫ +∞
0
e−
(x+z)2
4
∣∣∣∣
∫ z
1
|(−√ty)u0′(−
√
ty)|
y
dy
∣∣∣∣ dz
+
1
2
√
pi
∫ +∞
0
e−
(x−z)2
4
∣∣∣∣
∫ z
1
|(+√ty)u0′(+
√
ty)|
y
dy
∣∣∣∣ dz
≤ 1
2
√
pi
∫ +∞
0
e−
(x+z)2
4
∣∣∣∣
∫ z
1
sups<0 |su0′(s)|
y
dy
∣∣∣∣ dz
+
1
2
√
pi
∫ +∞
0
e−
(x−z)2
4
∣∣∣∣
∫ z
1
sups>0 |su0′(s)|
y
dy
∣∣∣∣ dz
=
sups<0 |su0′(s)|
2
√
pi
∫ +∞
0
e−
((−x)−z)2
4 | log z|dz
+
sups>0 |su0′(s)|
2
√
pi
∫ +∞
0
e−
((+x)−z)2
4 | log z|dz.
So, we have the conclusion. 
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